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Attractor of First Order Lattice System

Jia Qiuli1，Wei Fengjun2

（1. College of Science，Henan University of Science and Technology，Luoyang Henan 471003，China；

2. Institute of Packing Engineering，Henan University of Science and Technology，Luoyang Henan 471003，China）

Abstract：By introducing a new weight norm in a space of infinite sequences, we proves that under some dissipative
conditions the first order lattice system possesses a global attractor, and also obtains an estimate of the upper bound of the
Kolmogorov's ε-entropy of the global attractor.
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1 Introduction

Lattice dynamical systems (LDSs) are spatiotemporal
systems with discretization in some variables including
coupled ODEs and Coupled map lattice. LDSs arise in many
applications, for example, in chemical reaction theory, image
processing and pattern recognition, material science, biology,
electrical engineering, laser systems, etc. LDSs possess their
own form, but in some cases, they arise as spatial disc-
retizations of PDEs.

It is well known that in many cases the longtime
behavior of dynamical systems, generated by evolutionary
equation of mathematical physics can be described in terms
of attractors of the corresponding semigroup. In LDSs, it is
difficult to describe the geometric structure of the attractor
and to estimate the dimension of the attractor because,
generally, the attractor is infinite dimensional. One possible

approach to handle this problem is to estimate the
Kolmogorov's ε-entropy of the attractor[1-3].

In this paper, we consider the following lattice dynami-
cal  system

Where the matrix  is positive definite (and not neces-
sarily symmetric), that is, there exists a number σ>0 such that

                           
where ( , ) is the usual inner product in Rk, the nonlinearity f is
globally Lipschitz continuous, that is, there exists L > 0 such
that

                               (4)
Where |v| is Euclidean norm of v in Rk. And for some α,β> 0,
f(v)satisfies a dissipative estimate

                                     (5)

(1)
(2)

(3)
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 Equation(1) can be regarded as a discrete analogue of a reac-
t ion -diffusion  equat ion in R :  u t=Du xx+f (u),  where

 and .
In [1, 4], a space discretization of the equation:

 is studied under the assumptions
 and  in the standard phase space l2. Notice

that their assumption on h excludes travelling waves (in con-
trast to (5)) and hence allows for a compactness proof in l2.
It is clear that (4) and (5) are weaker than the assump-
t i o n   i n  d i s s i pat ive  sense.  Obvi ously,

 and  which satisfy (4)

and (5) correspond to  and h(u)=sinu ,

respectively, which not satisfying  for any 
In this paper, by introducing a new weight norm in

space of infinite sequences, we prove that under conditions
(3)~(5), the lattice dynamical system (1)~(2) possesses a glo-
bal attractor, and we obtain an estimate of the upper bound of
the Kolmogorov'sε-entropy of the global attractor.

2 Preliminaries

Firstly, we recall some concepts related to the absorbing
set and the global attractor for a semigroup  on a
complete metric space H.

Definition 1[5,6] Assume that H is a complete metric
space and  is a semigroup of continuous operators
on H. A subset  is called an absorbing set for 
if D is bounded and every bounded set  is absorbed
into D in finite time. A subset Λ of a metric space H is called
a global attractor for  in H if Λ is a compact invariant
set which attracts every bounded set in H.

In the following, we present a sufficient and necessary
condition for the existence of a global attractor for the semi-
group  defined by general lattice dynamical systems
in a Hilbert space of infinite sequences (see [7] for detail ).

Let  be a fixed positive integer, Z denotes the set of
integers. The Hilbert space of infinite sequences is

 which endowed with the

inner product  and norm  as  

 where  is a
inner product of Rk.

We consider the following lattice dynamical system
with initial-value conditions in Hilbert Space H0:

                                                    (6)

Where  satisfy some dissipative conditions.
We assume that  the solut ion    of  (6)

ex i sts globally in ,  and maps of solution
 generate a continuous

semigroup  on H0, then we have the following
theorem.

Theorem 1[7] The semigroup  possesses a glo-
bal attractorΛ in H0 if and only if the following two condi-
tions hold:

1) There exists a bounded set  (independent of  i
∈ Z ) such that B0 is an absorbing set for the semigroup

;
2)  , there exist  such that the

solution  of problem (6) with initial data  ,

where ,  sa t isfies 

where  is the norm of Rk induced by the product
.

3 Existence and Uniqueness of Solutions

We can write (1) and (2) in the following form

                            

where  the operator A is defined by

  and   Note that
 where

                          .
Fi rst of al l,  we introduce a  weight  function

 fix , p is a parameter, which satisfies:

(I) where  as
.

(II) Let , there exist

c o n s t a n t s   ,   s u c h  t h a t

.
(III) There exists a1(p)>0 such that

In fact，by

and when ,  is convergent, we know that 

is convergent. Note that 

(IV) It follows from (I) and (II) that there exists a function
a2(p) such that  as  and 

(7)
(8)

；
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(V) We fix p so small that

Below we work with this fixed p.
For  and  let

<v, w > = where  is the usual inner product of

Rk.. Define

Let Zρ be a space of infinite sequences ，

 equipped with the norm  for

any 
We assume that  By (4) and (II), we

have：

where C0 is a constant, i.e.,  is globally Lipschitz con-

tinuous from Zρ to Zρ. By the standard theory of ordinary
differential equations, we obtain the following lemma.

Lemma 1 Under the assumptions (3)~(5), for any
 there exists a unique global solution u(t) of (7) ~ (8)

such that 
This establishes the existence of a dynamical system

 which maps Zρ into Zρ such that for each 
，the solution of (7)~(8).

4 Absorbing Set

Lemma 2 For any  the following inequality
holds:

Proof The proof is similar to that of Lemma 2.1 in [8].
Now we show that the system (7)~(8) has a bounded

absorbing set in the space Zρ.

Lemma 3 Under the assumptions (3)~(5), there exists
a bounded ball of Zρ，B1,ρ(0,r0) centered at 0 with radius r0,
such that B1,ρ(0,r0) is an absorbing set for the system (7)~(8)

o n  Z ρ,  w h e r e  

(independent of m). Therefore, there exists a constant t0>0
depending on B1,ρ(0,r0) such that  ,

Proof Take the scalar products of both sides of the

equality (7) with ρu, we have
                           (9)

We now estimate the terms in (9) as follows.

By Lemma 2,

By (5),

By (V) and above inequalities, we have

 .               (10)

So,

We assume that  (a positive constant).
Applying Gronwall Lemma to the above inequality, we have

，

Take the scalar products of both sides of equality (7) with
, we have

      (11)

We now estimate the terms in (11).

here and below (T-1v)m=vm-1,
Let 

Then

Let 

Then 

Let R′=R2-L2, by  we have
 and similarly to Lemma 2，we

can get the estimate

     

By (V) and above inequalities，we have

                                     (12)
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Substitute (10) into (12)，we have

Multiplying both sides of the above inequality with
eαt  and integrating on [0,t]，we have

Let  t0=max{t1,t2} we have that,
when  t > t 0 ,

The proof is completed.

5 The Global Attractor

Lemma 4 Assume that  (the absorbing
set of system (7)~(8)). Then for every ε> 0 , there exist t3(ε)
and I(ε) such that

 Where  I(ε)  and t3(ε) only depend on ε, p,α,β,σ, L
and

Proof Choose a smooth function θ such that

  where C is a

positive constant. Let M be a fixed integer which will be speci-

fied later, and set  with .

Then taking the inner product of (7) with ρv, we get
                                    (13)
We now estimate the terms in (13) as follows,

Let  we have

Let μ=2α-c3a2(p). By (V)，we know that μ > 0. By (V)
and above inequalities, we have,

                                for 

By (III), we know that, for ε>0 given, there exists  I(ε)
such that when M > I(ε)  ,

                    (14)

Therefore, we obtain that, for all t > t0 and M > I(ε)  ,

                               (15)

By  a n d   r 0  ,
we have . By (15) and Gronwall Lemma, we have,
when 

   

Let       then for

t > t3(ε) and M > I(ε) , we have

which complete the proof.
Theorem 2 Under the assumptions (3)~(5), the semi-

group  possesses a global attractor  in Zρ,
and for each 
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 , where

              (16)

I(ε) is the least integer M satisfying the inequality (14).
Proof The existence of the global attractor 

is easily proved by Theorem 1 and Lemma 3, 4. By Lemma 4, we
know that, for each   

v+w,     where  vm,  wm  are defined

by (16).

By the estimate  we

know that  The proof is completed.

6 Kolmogorov's ε-Entropy of the

In the following, we will consider the Kolmogorov's ε-
entropy of the global attractor Λof system (7)~(8).

Definition 3[3] The Kolmogorov's ε-entropy of an
attractor Λ is the logarithm of the minimal number Nε(Λ)  of
ε-balls covering the attractor in the phase space, i.e.,
Kε(Λ)= lnNε(Λ).

Theorem 3 For any ε > 0,

 is an upper

bound of the Kolmogorov's ε-entropy of the global attractor
Λin the topology of Zρ, where r0 is the same in Lemma 3, I(ε)

Global  Attractor

is defined by Theorem 2.
Proof The proof is similar to that of Theorem 3 in [9].
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