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Abstract: In view of the Dirichlet boundary value problem of elliptic partial differential equations with variable
coefficients, Taylor expansion is firstly applied for an establishment of a five point difference scheme, thus proving the
existence and uniqueness of the difference scheme solution. Secondly, a prior estimation formula for the difference
scheme solution can be obtained by applying the extremum principle, with its convergence and stability further proved.
Thirdly, Richardson extrapolation method is applied to establish an extrapolation format with fourth-order accuracy.
Finally, the Gauss-Seidel iterative method is applied to solve the numerical example, with the numerical results showing
that the Richardson extrapolation method greatly improves the accuracy of the numerical solution.
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Bk (hys hy) max E(h,, h,) Rate

(1/8,1/8) 2.243¢-2 *
(1/16, 1/16) 5.629¢-3 1.99

PiiieN

(1732, 1/32) 1.412e-3 1.99
(1/64, 1/64) 3.533¢-3 2.00

(178, 1/8) 4.048¢-5 *
SMEZEE (116, 1/16) 3.524e—6 3.52
(1/32,1/32) 2.897¢~7 3.60
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Table 2  Error values at different nodes of Example 1

(hoh)  (U2,14) (1L, 14) (32, 1/4) (1/2,12) (1,1/2)

(1/8,1/8) 8.745¢-3 1.443¢-2 1.947¢-2 9.958e-3 1.652¢-2
(1/16, 1/16) 2.194e-3 3.614e-3 4.888¢-3 2.502¢-3 4.139¢-3
(1732, 1/32) 5.490e-4 9.037e—4 1.223e-3 6.263e-4 1.035¢-3

(1/64, 1/64) 1.373e-4 2.260e—4 3.059¢-4 1.566e-4 2.589¢—4
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Table 3 Numerical results of Example 2

"o (hy, hy) max E(h,, h,) Rate

(1/8,1/8) 1.742¢-2 *
(1/16, 1/16) 4.891e-3 1.96

PVidiis:N

(1/32, 1/32) 1.122¢-3 2.00
(1/64, 1/64) 2.806e-4 2.00

(1/8,1/8) 4.469¢-5 *
IR M8 (1716, 1/16) 2.771e-6 4.01
(1/32, 1/32) 1.746e~7 3.99
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Table 4 Error values at different nodes of Example 2

(huhy) (U2, 14) (L 14 (32, 1/4) (1/2,12)  (1,1/2)

(1/8,1/8) 3.251e—4 1.474e-3 2.383e-3 3.944e-3 8.725¢-3

(1/16, 1/16) 7.226e=5 3.573e—4 5.708e-4 9.856e-4 2.176e-3

(1/32,1/32) 1.747e-5 8.862e-5 1.14le-4 2.463e-4 5.435¢-4

(1/64, 1/64) 4.330e—6 2.21le-5 3.518e-5 6.158e-5 1.359¢-4
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Fig. 2 Error surface with different step lengths of Example 2

a) M=16, N=8 b) M=32, N=16
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oy’ ox dy
2me* cos(ny)+2m’e" y* (cos (my) +sin(my)),

2 2
—|Zn%e§—i’+(x+y2)a—u]+ na—u+a—u+n2y2u =
X

0<x<2, O<y<l;
u(0, y)=cos(my)+sin(ny), 0<y<I;

u(2,y)=¢€ [cos(ny)+sin(ny)], 0sy<l;
u(x,0)=e", u(x,1)=—€", 0<x<2o
AR )
u(x, y)=e"[cos(ny)+sin(ny)].
THRSG) 3 13503 5 fE 6 R .
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Table 5 Numerical results of Example 3

NS (hy, hy) max E(h,, h) Rate
(1/8,1/8) 1.485¢-2 *

(1/16, 1/16) 3.749¢-3 1.96

22538

(1/32, 1/32) 9.445¢-4 2.00

(1/64, 1/64) 2.363e-4 2.00

(1/8,1/8) 5.643¢-5 *

AR (1716, 1/16) 5.655e—6 3.32
(1/32, 1/32) 7.173¢-7 2.98
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Table 6 Error values at different nodes of Example 3 in

extrapolation scheme

(hohy) (2,14 (1,1/4)  (3/2,1/4) (1/2,12)  (1,1/2)

(1/8,1/8)  1.742e-5 3.737e=5 4.976e-5 1.413e-5 7.48%¢-6
(1/16, 1/16) 4.276e-7 1.966e-6 3.033e-6 2.306e—6 2.650e-7
(1/32,1/32) 5.179e-8 7.735e-8 1.696e-7 2.887e-7 9.522e-8
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Fig. 3  Error surface with different step lengths of Example3
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