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A Dynamic Analysis of a Fractional Order Prey-Predator System

ZHANG Xueyou, ZHAO Wei, ZHAO Yulin
( College of Science, Hunan University of Technology, Zhuzhou Hunan 412007, China )

Abstract: A research has been conducted on the dynamic properties of Holling-1I fractional order prey predator
system with density constraints and shelters, followed by an inquiry into the existence, uniqueness, non-negativity and
boundedness of the system solution with the qualitative analysis method adopted, as well as an analysis of the conditions
for the existence of equilibrium points and the local asymptotic stability of various equilibrium points, with the validity
of the relevant conclusions verified by a numerical simulation.

Keywords: fractional order; prey-predator system; Holling-II type; equilibrium point; stability

BB R SN E " TR, B A AR S 8

0 5I% AL A B R, AR A

B - SR H R RIS A IR I 3l A7 A F)— ol
PIRP LR LA IR BEASC R, ISR idar 1R
A WA TR R 48 7% B A AN [R) S RE SR A B — Al
BEMEMANRR. Hik, ST EWRRERSRETT
LA NSRS RGN A A SR, BA 103

s A 2021-07-14

I3 R GG O R Y i A B 0T 5 40 A AR
M2 —, VRN T R BT T B A
SCHEC S R RN R BN A R (i Lt |, ISR
U — 2 i LA 2 i i) 24 0 X FIT 9 Holling-1T 74
SRR - B H RS

HEEWA.: WS RIS R E (S202011535047) 5 WiEE AARE A EIIWH (20191140068 )
EEEAY: KFk (1999-) , W, WIRGZIRA, WIRE Tl RAmi1A:, FEu Iy i it Ssh 1 R 4%,

E-mail: 1845968954@qq.com

BEEE: BEMK (1973-) , U5, WIRGMEA, Wik loRs 2, W, WA, 2007 m o i 58 &

4t ) HoW H, E-mail: zhaoylch@sina.com



84 WMo Lok ok % % i

2022 4

Copon N O(1-m)xy

oDl x(t)=rx(a—bx—cy) 71+p(1—m)x,
ed(1—-m)x (0

CA _ _ - o

OD,y(t)—y[ d+1+p(1—m)x)

e x AR
y AR E R L
a N ETER N B R
b R E B B 20 R A
o BRI B R
d NI EE LT %,
e WEFRHALR;
P N AR BRA ] 5
r RIS,
1 FIHsFIA] 5
O AT B IROR
m TEREMERT o A B AR L], 0<m<1;
mx A REXE P ORI B PR 5
(1=m)x A BB R A0 S T A
CDP SHIX[A] [0, /] (% Caputo Z3B-S4k, FHorh

B A SEBEL, Be(0,1];

ARIAES SRR —E KM, e RS (1)
fRAAEAEME—VE . AESPE L A B LU s R E
PEZE R R, [RIHF]FH Matlab B0 0Ef T 8B 07 EAG K

1 F&HIR

EX 1Y % p>0, PR (1) 7€ LAE X 0] [a, +o0)
Fon AT, TR A1) 19 B B Caputo 433X S5
LN

CDﬁf( ) J (t- f( )(,L_
ﬁ*FWHLnkw m[ﬂ%rﬁ%ﬁ@%ﬁ;
I'(-) & Gamma PR,

glig 1[7,10] _&%é}i
SDIx(1)=f(t. x), t>1,, (2)

WwOE w) bR gk xo:x(to) s
ity 40)xQ->R" | QcR",

H o pe(0,1], H
A7 f(t, x) X x i R R

¥ Lipschitz £51F, MRS (2) 7E [t +eo)xQ FAF7E

WE—fi#
SIE 27 ¥ p(r) A [t +eo) LI ELE R B, I
HA
WD p(O)<=Ap(1)+p-
L%)pw

Her pe(o.1],
A

(A, p)eR?® H 1#0, 1,>0 HWILEHTZ],

p(r>s[po—§)Eﬁ[ Me-n) T

Hrp E, J& Mittag-Leffler pR%, Rl
k

)Zznésu

k=0

» zeCo

5118 341 4 zeC([t,, T],R), &% Xf V4e
[6,T], z(1)=0F12(1)<0, 1€ (1,,,], i} DIz (1,)>0,
SIIB 40 A A RIS, XA
,D/x(1)=1 (), (3)

b pe(0,1], 3 3w (x):4—> R HA LI — B
SR LR A (DI (x)] <0, RS (3)
DN A B R R A A R E A . ik
0 ={xe A|SD/W (x), <O} H MR QmRA AL,
B2 1o 5F, A~ A A H 2 I () SIS M

R, 25 M={0}, WX —ofif, x—>0.
512 57 % Be(0, 1], AMEINHS RS

{,oof x(1)= f,(xy) "

WDI(0)=fo(%.7)e

FPH P, ). 4 LOCHREAT AR
A
| ox oy
EAEA
ox dy

TE B 8 P(xy, v,) BYPTA FRAE AR 2, #B 396 2 45 1F
ore (1)) > EE 0, R (4) 00 P(x,, )R

PR

5167 W pe(0, 1], WAL, DX =AX ]
RO, K ELC R TR A —
AR A 2 are(2)[> B8, LAl
W2 WA org ()] < 2

2 REBHNWZEDH
2.1 RRETEEME—M . ERMERY

EE1 M= 08, SHEMRIE LM X ()=
(x(t,), »(t,))eQ@ RIEHE w, RG (1) fFTEME—fi



55 4 39 skEA, A

— B B - R RS 12 85

X =(x, ye, Hip
Q={(x, y)e R*:max{lx|, |y|<w}}o
B 2 X=(x, y), X=(5, y), EX]X]=x[+
|y |11 G(X)=(G(X), G(X)) et , Hrp

GI(X)=rx(a—bx—cy)—%,
GZ(X)Zy[—d+%Jo

NXHEE X, XeQ , A
Ha(x)—o(;?)”:2\@.(;()_@( %)
G(X)-G,(X)+[6,(x)-G,(X)| <
|:r(oz+2bw+cw)+(9w(1—m)(1+e)]|x_)7|+

7

cw+0w(l-m)(1+e)+d+ ly-3|=
81|x—)?|+82|y—)7|O
Hrp
e =r(a+2bw+cw)+0w(l-m)(1+e) ,
0(1+e)

g,=crwtgw(l-m)(1+e)+d+
p

PRt
le(x)-6(X)|<z|x-X

|, L=max{e, ¢}

FFBLR S (1) X FALE 0 X, X Q #i 27
Lipschitz 4. MBI 1 A8 RS (1) WAL
We— SR 1 AHE.

FE2 R4 (1) WFIH MRS, X F
FEREIIAE 40 (x(0), p(0))e, BBiar . Hosp

Q={(xy)eQ:xeR,, yeR }-

IEBA EHERZ (1) pfagdErk, BIEXHT
Bi1= 084 x(0) =0,

AR =0 B, x(0)>0.

TUEY >0 B, A7 x(7) = 0,

RBEFELE 1,50 #1153 x(2,)<0, H x(7) F4 1% 22 M A
x(0>0, M 3r,e(0,4), 5 x(1,)=0. iC =min{£,>0:
x(t,)=0}, WY =t B, A

%D,ﬂx(t)L:F =Vx(t3)(a—bx(t3)—cy(t3))—

O(1—m)x(t;) y(1;) _
e p(-mr(n) (5)

AL, g 95 S x(0)>0 TS, 4 re[0, 1)

HTJ‘, ﬁx(t) = Oo

A =-x(n), 1€[0.1),
te[O, ).

51 H 345 (D/z(4)>0, B SD/x(1,)<0, X
54X (5) P E. FrLAAIELE >0 [#45 x(2,)<0.
BIXHT R ¢ = 0 54 x(H) = 0.

25 ) Hb, W\ LLGE B,
¥ = 0. EPE 2 HIE,

T3 S

A={(X(t)= y(1))eR;

BR%E (1) B— P IEALE,
HERR A4 BREL W(D=ex(D) (1), TRH
WD/W (1)=(Dfex(r)+ D/ y(r)=

N z(,)=0 H. z(r)<0,

Tt

WA E =08 A

9

O<ex+y<

(ar+d)2}

4br

arex —brex” —crexy —dy ,
JUES)

.y e(ar+d)2
DWW (t)+adw (t)S————-
4br

i W(0)=ex(0)+y(0)>0, HHE5|H 2 n[15

0<W(t)$[W(O)—%]Eﬂ[—dtﬁ]+%o

(6)
Y # Mittag-Leffler /9 pR %2 P Jit o] DL 45 %1,

E,[-dt" |>0 f Ff 45 ¢ = 0 %6 W vr. FF LL Y

e(ar-i-d)2 (ar+a’)2

w(0)< I, AW (1)<
4brd 4brd
HEIH 40113, RS (1) hAPi—A itk
M, AIEORETEA Y, FILUSEE AR (1) 1Y
—MIEAEEE . EH 3 HIE.
T4 EL
(ar+d)2}

A={(X(f),y(t))€R+ e
BRETRSE (1) MARRIIE, MTFERRMIIEL

1 (x(0), »(0))eR: Faisr, HEZ (1) —bIfR
HBEA
TERR FHAEEL 3 A, XA E VIR
e(ar+ d)2
4brd

O<ex+y=

(x(0). »(0))eR?, # AL w(0)< .l

4 (1) WSO EHEES 4%,
i Mittag-Leffler pRECAIPETRAT AL, 21— B,
e(ar+a’)2

RE W (1) -
4brd




86 WMo Lok ok % % i 2022 4F
AN (6) mf 0, SR bh & 1 w2 Jacobi ZE 4 N
W(O)>7e(ar+d) s WY s B, A W() > —ra _acr __ab(l=m)
4brd J(P)= b b+ap(l-m)
e(ar+d)2 1 _d+M ,
abrd b+ap(1—m)
FHEIFE 4 A8, &S (1) B4 mE sy T4 LR Al
B A BB USHES A R R . aeb(1-m)
B AR R, FIREE (1) B2 T(f?)=(“”’)[“d‘4b+ap(l_m)J=°’
AR, S 415U,
85 ?:/ N
20 TS MB R RATIAFTAR Y
4 CDPx(1)=0 [ SDy(1)=0. WAL (1) h=ras 2, =200=m)
b+ap(1—m)
KA Pr=(0,0). B =[ 2. o)\Pf v, ok, .
©.0 (b () ‘arg(/’Ll)‘=|arctan 0+TC|>E, %’,a’<M
2 b+ap(l—m)

_d
(e0—dp)(1-m)’

x2=

e[a(et —dp)(1-m)—bd |rd
(e0—dp)(1 —m)[rcde+(e@ —dp)(l—m)] :

WA, ORISR S (1) XY Jacobi 4[4

J=(ra—rcy—2rbx—9* —crx—m*]’
ed’ —d+em’
O(1-m)y _ O(1-m)x
RIRVAM 5 Py BAFAE. T al bIRIESAL,
PP i Py W EAFTE . XTI Py, 20

bd
x>0, y,>0, Bl oA e0 > a(1—m)
5 5, P, A7 7E
FES FREC) MRS P=(0, 0) & — ¥k o
iE B 7E P P=0, 00, RG (1) W

0
dJ, AR

W=

Hpo =

+dp i}, 1EF

Jacobi #iFH J (R) =(r:
T(R)=det(AI-J(R,))=(A-ra)(A+d)=0,
FRASFRIEAR R L=ra, A=—d.,
% fare (4 =5 il g

AR P . EBE S AHIE,

|<— |arg

aeb (1—m)

6 AL (1) MPHAE D <y Ty

aed (1—m)

b+ap(1—m)
R R P.=(%,0)ﬁi, 24 (1) i

L, 1E d > S 2 SR S T AR E 1

i, . HITIHE 6 A5 A A5

arg(4,)| =|arctan O|<%

aed (1-m)

BN, Md >
P]IE lﬁrﬁmu é{ b+ap(1—m)

i, Jarg(4,)|=

ﬁ

|arctan 0+7t|> ==

, WGBS AIASEA 5 Py 2 SR
HEE EEE 6 13k,
TS, Py Ak, 245 (1) (1 Jacobi HHF4 N

J(P)= ra—rey, —2rbx, =0, —crx,—m,
’ €0, ~d+em, |’

0(1-m)y,
[1+p(1-m)x, T
CREAE TN

T(P)=2"~tc(J(B))A+det(J(P))=0,

_ 0(1-m)x,

h =

=

0; =

M

N

1+ p(1-m)x, '

‘bﬂi

L
(s (P))=
det(J(P,))=dr(cy, +2bx,—a)+
0,(crex,+d )+ rem,(a—cy,—2bx,) -

B LR G RFIEAR AT
1 2

2 =5(tr(J(Pz))+[tr ((
Ay = ( [tr

IR LL N 2518
7 WRARL (1) We TIEEZ—:

1) tr(J(R))<0. t*(J(P,))—4det(J(P))=0 H.

\

r(a—cy,=2bx,)—d+m, -0, ,

Pz))—4det(J(Pz>)]%],
—4det(J (»ﬁ}



55 4 39 skEA, A

— B B - R RS 12 87

tr(J(P2))+[tr2(J(Pz))—4det(J(Pz))]% <03
2) tr(J(Pz))<0, tr’ ( (P, ) 4det( )

3) tw(J(BR))>0, t’(J(R))—4det(J (A

,)) <0 H.

\trz(J(g))—mr(J(Pz))F >tr(J(P))tan == fr

WLFRG (1) BIEFH R P, E%%Vﬁﬁ%ﬂfﬁ@o
IEBR HZRMF 1) R, B4R 4,<0, 4,<0, W
M4
pn

’arg ‘ |arctan 0+ 1t| > B

larg (2, )|=[arctan 0+ 7| > % o
M5 130 5 ATAs, IRV P, S SR iR AR 2 1
MR 2) MR, A5 4, R—x g, H
Re(4,)=Re(4,)<0, Im(4,)=—Im(4,)>0, AJ3R15

1

(s (R)-4det( (R | pr
(S (7))

‘arg(ﬂ,l )‘z arctan

—‘trz (J(g))—4det(J(Pz))]5 B
2

arctan

Jarg (22)|=

Mg 5 A, BRSPS R ER RS E Y
MAEAF3) W, 2,5 4, X ER, H
Re(4)=Re(4,)>0, Im(4,)=—Im(%,)>0, AJ=R1F

|tr2 (J(B))-4det(J (P, ))|2
tr(J(P,)) 2’

|arg(),I )| = |arctan

—’trz(J(Pz))—4det(J(Pz))|% pr
tw(J(B)) 2

’arg(),2 )’ = [arctan

BG5S a1, BVl P, R Rt fa e i .
EOME A% (D) wE u(J(R)=0, H
det(J(P,))>0, i A, 55 2, 2 —XIIHELE AR, N
org () =fare ()| = £ > 2.
HIS I3 6 AT, IEP R R il R e 1
EIES WAL (1) W FAl&tz—:
1) t(J(R))=0, det(J(B))<0;

2) r(J(R))>0, t*(J(P,))—4det(J(R))=0,

1

H tr(J(B))-[ o (J(B))—4det(J (B))|F <05

3) tr(J(B))<0, t’(J(B))—4det(J(P,))=0,

Htr(J(Pz))+[tr2(J(Pz))—4det(J(132)):F >0;
MAZGE (1) IR P, R .
ERE A1) W, A 2>0.0 4,0, WA

|arg ‘ |arctan 0|< Iarg |

5 FE 6 AT, M?f;éxﬁsze%‘e,ﬁo
MEAM2) WREE, BARAS0. <0, WA

larg (2,)|=[arctan 0|<%, arg(A, )=

M52 6 AIAS, IE VA P, Sl .
MAME3) W, BRS040, MK

larg (4, )|=|arctan O|< >
HSI3 6 ATAE, TEPR P, S .

EEO Mu(J(R))>0H, WRRGE (1) W
T INFEZ—:

D) (2 (R) [ (4 (R))~adee (4 (R)) ] >0
H.tr? (J(B))—4det(J (P))=0;

+ |arg(4, )|=larctan O+1t|> o

B))-4det(J (B)) <tr(J(Pz))tanﬁ;t
Htr? (J(P))—4det(J (R))<0;
ARG (1) WIETHL P, RAFER.

IER HARME D) MR, B A>00 4,>0, M

’

2) ‘trz(

jarg (4,)|=
ILRGE (1) WIEFT R P, ATEE R

MR 2) W, A 5 2R xR AR, H
Re(Z,)=Re(4,)>0, Im(4)=-Im(1,)>0, "J:kf5

pr. |arg (4, )|=larctan 0|<%

’arg(/l )|= arctan |’[r2 (J(Pz))—4det(.](]32))|z @

~[u? (7 (P))-4det(J(R))| pr
tr(J(B)) 2’

larg (4, =|arctan

I RGE (1) MIEF R Py EAFRER o

3 HEFRE
1 Matlab HEATEUEAT F, VARG IEAS A 98 T 15 45
I IEf

RS (1) WSHWMEWT: =25, a=0.5,
b=1, ¢=0.2, d=0.15, e=0.6, 6=3.5, p=1,



88 i = R B |

2022 4

1) 4 p=1 (ABEMAEDRSEREE) , HE
UL st s T ) AR ASE RN i 5 AR AT A R 4
bd

a\l—m

P,=(0.0770, 0.282 2), ef =2.1> ) +dp =045,

i A ow(J(B))<0, det(J(R))>0, t’(J(B))-

4det(J(B)) <0, Mazdl 7 %, M5 P(0.0770,
0.282 2) &R AR E 1 o

25 (1) 724 P,=(0.077 0, 0.282 2) AR 4%
e 1 . BETAEL, B S P=(0.0770,0.282 2)
SRR E R, SRS R —E.

0.6

0.51

0.4

= 031

0.2r

0.1

0 02 04 06 03 10 T2
x(1)

B1 Z&% (1) R P=(0.0770,0.282 2) eI ELER
Fig. 1 Simulation results of system (1) with
point P,=(0.077 0, 0.282 2)

2) M4 4=0.95, €15 JCEEMEAT (m=0) Y435
B Al REASE AU L 3 ok SR AT A IE P A P,=(0.044 8,
0298 3), [d mF o 4 w(J(R))<0, ’(J(B))-
4det(J(P))<0, det(J(R))>0. fiE M 773, IE
A S P,=(0.044 8, 0.298 3) 7 Jmy HR M HERAE 1

255 (1) 7E4 P,=(0.044 8, 0.298 3) AR E4%5
WKl 2 Frs. mERTAL, S P,=(0.044 8, 0.298 3)
SRR E R, SRR 3.

1.0

0.9

0.8
0.7

0 02 04 06 038 10 12
x(1)

2 REZE (1) R P,~(0.044 8,0.298 3) AW E LR
Fig. 2 Simulation results of system (1) with
point P,=(0.044 8, 0.298 3)

3) 2 g=0.95, m=0.6 (") 7 %L B A bk XE T &

TH EL AT % 1 1) 24 1) Holling-IT 7 3J BE S 1V bRy % A5
AU, 38 L T AT A5 0E P A P,=(0.085 6, 0.304 0),

bd

0=2.1>
¢ a(l—m)

+dp=0.48, i H tr(J(B))<0,

tw’(J(B))—4det(J(P))<0, det(J(BR))>0. HIE
715, IESEA 5 P,=(0.085 6, 0.304 0) J2 Jay & ik
FEM.

245 (1) 185 P,=(0.085 6, 0.304 0) Kb EL45 -
K 3 s HEIATAL, IR S P,=(0.085 6, 0.304 0)
SRR R, SRR 20

0.6

0.5

0 02 04 038 10 2

0.6
x(1)
3 B4 (1) 7EE P,=(0.085 6, 0.304 0) AbHIFEE R

Fig. 3 Simulation results of system (1) with
point P,=(0.085 6, 0.304 0)

4) 4 p=0.95, m=0.6 i, R S5 w[AHl, RG (1)
(- 58 P=(0, 0) JE ¥ f. REE (1) FE P=(0, 0)
A BN 4 Bt . F RN, SEA S Pi=(0, 0)
SRS, HHEeA IR,

0.5
0.4
03
02
0.1
0
= 01
02
03
~04

I

-0.5 -04 -03 -02 -0.1 0 01 02 03 04 05
x(6)

4 R (1) 7R P=0,0) HIFELR
Fig. 4 Simulation results of point P,=(0, 0) for system (1)

4 £5iE

AR SCRIFGE T — 2 B P LA 9% 32 i) 24 0 sk e BT 114
Holling-I1 F473- B b B 1 - & & RGenysh Ji~# e,



%

4 skEA, A

— B B - R RS 12 89

WHE T RGRAAAEME—E . AR A S, b
TV AT B0 2R 1 LA R 45 2 A Y SR ER AT AR
FENE, I BUE DT I T A REAE R IERRTE

WUE DT HARARN] . 0BG RS LBl

TR RE PRI FIRGE , A RERFE TR Y EE JCIRERfE

PR R fE

PRIKBIREAE o B P HAT EE T Y 7341

GIAPREREEY LB B o 2 — R RE RS B
R R FRRE o

S 3k

(1]

HUANG J C, RUAN S G, SONG J. Bifurcations in a
Predator-Prey System of Leslie Type with Generalized
Holling Type III Functional Response[J]. Journal of
Differential Equations, 2014, 257(6): 1721-1752.
FUKAR, AN, KT B E) Holling-IV %!
PHRIE AP0 2R GE B0 E ST (7] RS Tl R 22740,
2020, 34(1): 1-8, 107.

LI Bingsen, ZHAO Yulin, ZHANG Zilong. A Qualitative
Analysis of Two Groups of HollingV Biological Systems
with Harvest Rate[J]. Journal of Hunan University of
Technology, 2020, 34(1): 1-8, 107.

EOROE . — I HATREE T Y Holling- T R 24 -
EEROR RS E MR BT (7], 22N SCH2E B4t ( A SR
BRI ), 2020, 34(4): 6-9.

CAO Shuping. Stability Analysis of a Predator-Prey
Model with Holling-lll Functional Response Incorporating
a Prey Refuge[J]. Journal of Lanzhou University of Arts
and Science (Natural Science Edition), 2020, 34(4): 6-9.
PANJA P. Stability and Dynamics of a Fractional-
Order Three-Species Predator-Prey Model[J]. Theory in
Biosciences, 2019, 138(2): 251-259.

LIHL, ZHANG L, HU C, et al. Dynamical Analysis

(6]

(7]

(8]

(9]

[10]

of a Fractional-Order Predator-Prey Model Incorporating
a Prey Refuge[J]. Journal of Applied Mathematics and
Computing, 2017, 54(1/2): 435-449.

k46 . BAT Holling IV BIIRE R ) 43 B £ 4 —
BB 3 12700 (0], HERIL Rz 24 ( AR
S L 2019, 40(3): 9-13, 23.

DU Zhengguang. Dynamical Analysis of a Fractional-
Order Predator-Prey Model with Holling IV Functional
Response[J]. Journal of Jinggangshan University (Natural
Science), 2019, 40(3): 9-13, 23.

DIETHELM K. The Analysis of Fractional Differential
Equations: An Application-Oriented Exposition Using
Differential Operators of Caputo Type[M]. Berlin:
Springer-Verlag, 2010: 87.

kg, k% . 28 HA Holling 1T BIT)RES R 145y
B - BRGS0 1], TLE R
i CARBIARR ) , 2020, 34(2): 10-14, 45.

DU Zhengguang, PU Wujun. A Dynamical Analysis of a
Fractional-Order Predator-Prey Model with Holling Type-
Il Functional Responses[J]. Journal of Wuyi University
(Natural Science Edition), 2020, 34(2): 10-14, 45.
KILBAS A A, SRIVASTAVA H M, TRUIJILLO J
J. Theory and Applications of Fractional Differential
Equations[M]. Amsterdam: Elsevier, 2006: 45-47.
ZERRIK . HAT Crowley-Martin HJRE SN ) 73 R il £
# - BHRGE o LLE R D] KR K
B, 2019

LI Xinxin. Dynamical Analysis of a Fractional-Order
Predator-Prey Model with Crowley-Martin Functional
Response and Its Discretization[D]. Changchun:
Northeast Normal University, 2019.

(AR H. R4 )



