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Inverse Kinematics Solution of Planar 2R Manipulator Based on

BP Neural Network with Unique Feature

XIAO Fan, LI Guang, YOU Yulong
( College of Mechanical Engineering, Hunan University of Technology, Zhuzhou Hunan 412007, China )

Abstract: Aiming at the need to establish a correct mapping relationship between input and output in solving
inverse kinematics of robots by neural network, a method has thus been proposed of solving inverse kinematics of planar
2R manipulator based on BP neural network with unique feature. Based on a geometric analysis in the workspace of the
manipulator, the law of multiple solutions of inverse kinematics can be determined. Meanwhile, azimuth angle is added
to the input of BP neural network as the characteristic parameter. The simulation results show that the complete inverse
kinematics solution of planar 2R manipulator can be obtained with only one BP neural network, with a prediction error
between —0.002 rad and 0.002 rad.

Keywords: inverse kinematics; multiple solution; planar 2R manipulator; BP neural network

s HEA. 2018-09-05
EEWE: Mma ARRAEERIIE (2018114079) |, 1R Tl RA#F 8 AL RHF R 2L 4 W B H  (CX1908 )
EB®: B W (1988-) , Ui, WIRSBEIR, MR Lo REER1 A, FRW )y Bl ds R R,
E-mail: 297067972@qq.com
WEMESE: & 6 (1963-) , B, WdbaRBUA, IR Tk R=HEFZ, LA, FENFE L — IR g fnd il
TR S50F5F, E-mail: liguanguw@]126.com



52 (71 N DR AN N S S 14

2019 4F

il

1 AIRxE=

Hlas Nz s 7oK i, APl \ ORI TR e
HRIRAEFR R P IALE , Fef oty 25 0] b & 5815
R, AL ARSI S R A
B, LA Nzt . A . Pl M S5 A 5k
fifh, EHLESASE T EE AR Y RN A
HYRE R R, s SR i R E M2 B
Wi B A i A TR P ) v B R, XL A
B, R AT E N AMF R E IS . AR
[]

Plgs Nz s BB — A . 2R R
gt, B AL R R AR . SEE AR
SKIEAE, ARZett PRl A 18 SR 5. &4t
FRSRAILES NG 138 82 Z A o fbril L 8l
AL W AR Ui B g TR R, AR
Lt R Gy AR R, HARMERS B IE R ) — T =
YO . U AR s sy ok il
T AERHE AT A BESE .

Bl BILAS N 25 F R B A2 RTS8
WARIE, WS IR IR B VR BESR kR
fitto v, e ) 4 R L B X AT 04 2 R Y T
IERE I FINZARRE Sy, W FAEHLAS A 0iis 82K
fifth. M. Z. Al-Faiz® RISk K55 7 43 51 % i) FRBP

(finite recurrent back propagation ) 1 RBF ( radial
basis function ) #1£E RIZ8AIFSE T AL ds Niiiz )2 5K fif
[, FEEUG e R, (HR AT L AR
A S B SR T T RITIE . O A5 [A)IE
)12 Bl 2745 B A 23 (A 2 ME— 1Y, (B2 O 283 ¢
T AS ARSI, HE X 2 R AR 2R R 2R
WiiE BRI, K s RALEAE A, ST AR R
LrTyS V(1B AN s 1 R S S VALl S < 5] S B S
557 FH B 178 ot 28 X 4% 5 ) 2 T YE A SR AT B A
BEF 2. A TR PRI AR A S
B I LA ME—BLGS E R, B. Daya 55 4 H—Fh il
6 DT AL L2 R A 2 8 AR R 25, AR Aok
7T 2R HUCT R I B i, RO T
It ZIZRR 2258 % . A. V. Duka 5§ ® @ d
I L FAVE AR 2 2 A RIRFES S, ATIFER A
Sl Z AT TR OC R, (IR Z X s g
PR T, e HORAG TP 3R AT —4H
WIE B il

ASGETSHG A B - HHH AR, XFm
2R LT AT U 430, W T L3852 22 Z A 11
M, H—DE ZREEZ 0 BP #hZ M ZE EA gt

yl

FrNZk, TR A AP S RIS, THBR
T AR IS B 2 BB R IR

2 M 2R HFHIZEEZE 51T

2.1 HEBEHESHENILEADH
B 1 Frs 21 2R HUR T

pY

L~ ' )
\ /
B 1 FHE2RHHFF
Fig.1 Planar 2R manipulator

EH, #EFF R E 45k O4=L,, AB=L,, ™
MRTAMBUEERE N 6, € (-1, 1), 0, € (-, T),
R¥thAT 8% B s HR K (py, p,), OB INEEEN L,

L=\pi+p; o

B L<L,, EFF M A S5 Wi sy, 7E
OA A B, A B DA BRI S O R (R
IR, 12 8B O; 1E AB #EAFiZ s, 4 SR
LI B RELGHE, 2ok B, HIEL BEshs ., K2
SE AR AT 85 5 BAE S 4 S5

3
/,

2 A mHHLE
Fig. 2 Trajectory of point 4

P A B B OCRR

Case | Y4 L>L+L, i}, WHRIAHES, IHIFBEE A
i, FORPIREF A S IEEHEE S

Case 2 Y L=L,+L, i}, WRISM], BLEFAME—
NS, FORPIARIERTI A 50T IFE AL BT 4 s

Case 3 Y L=L~L, [, WENYI, A ME—
NS, FORPIARIERTI A4 50T IFEIZAL T4 s

Case 4 Y L —L,<L<L,*L, B}, PHAAZE, ICET
AN, RORMAIEAFY 4 S0 IAE A



555 4 Hooml, 4

FFME—4FEY) BP M2 4R AT 2R ML T30032 sl 53

LA

Case 5 Y L<L,-L, B, & BTERE O N, HE
AN, FORMEF M A S BA T UESS S
W B AT

ARG, ARG TR A B

1) # L<L~L, 5% L>L,+L,, 2R HLIE T JCi¥i i 3l
i

2) # L=L*+L 8§, L=L,-L,, 2R HLI& T4 M — 3
1B B

3) # L—L,<L<L+L,, 2R ML T4 W 2415535 5l

25 3CHR [9] ATR, MOrhifsnE s, MUT
Wis SR doRME— i, T A ARITR

0,=0,+0,, (1)
K Oy € [-n, 1]

1) A AR vl o e i 25 1|
i (HEM A M ZRaT LUR , i ARBEA (1)
A%,

P PER P I AH S I i A, AL 3 T o

Y

Vi

B3 WEREZEGR

Fig. 3 Azimuth angle of two circles intersected

K3, B BSEOMZT M. N, MR
RPN
¥+y' =L (2)
@=p)+(-p)=Lss (3)
A (2) A (3) 7FRE 0 518 B KR,
HhB B Y SAT AR N
x=L,cosp+p,,
{y =L,sing+p,,
L (4) AR (2) ) 15
sin(Q +u) = L -Lop.—p

, (5)
2L, \ pi + p‘:

(4)

AP u=arctan2(p,, p,) ,

, COSU=

. D, py
JH\IJ SINU= —— a—— -
P+ p; P +p,
L k=9+u, N

@1‘2=arctan2(sink, ++/1-sin’ k)—u - (6)

A5 (6) 1o, Fil g, YITE [0, 20] N
FEE 4 A MB. NB, FAERKZE 5L R
B (K- 4k PO Z I /153 5 6,1 6,0 6. 6,
R TN o ph 22 I 2 Tl s 9 i, AR
RAGHT 0, Fl @y, ATLICRIE 6,. 6,:
o=o~m, i=1,2, (7)

0
B4 RATFHEMETNNH LR
Fig. 4 Azimuth angle for neural network prediction
YA, R R ESR O,
Bt 6,=d,=p-m.
22 IEMEIEZHFER
R HIbRME D-H % " 45 1 PR F- T 2R HLAT
s d R, JRRER SR, SR S Rk 1,
Hrp £,=200 mm, L,=160 mm,
Y

5 HUHF D-H &2
Fig. 5 D-H model of the manipulator

x®1 #HMWF D-HSH

Table 1 D-H parameters of the manipulator

L R M KEE B/ ARREERY
JEFT i
rad rad mm mm rad
1 0, 0 L, 0 (-m, m)
2 0, 0 L, 0 (-7, m)

B S HIE s S E T AR TT



54 (71 N DR AN N S S 14

2019 4F

{px—Llcos 0,+ L,cos(6, +0,), (8)

p,=Lsin 6,+L,sin(6, +6,)-

3 BP {HZME

3.1 BP #HZMKHILEH

BP #2228 HAG Z )2 454, 40l 2 Az
—ZRZZREE. WhE. FEMETZEEEe
B, EALEE. BREESMEIERH
Sigmoid"" {4l R K. 6 JE—A~ =2 BP #f
22, Horp s (AR

I:I Yy

vz

El 6 =I= BP &M%
Fig. 6 Three-layered BP neural network

Bler, i NJZ4A MM &G, A
X=[x;, x5, =0, x5 BREEA TAMZTT; WbEa J
ARZIC, Hm Y=y, y,, -, 0] 0, BHAZ
HERSEZRMAUE, o, &RE)E S5 B2 Z R
BUE, B&ZSMATTHEN a(i=1, 2, -, ), Hih
JREMAITCHIERN b(=1,2, -+, J)o

HRAE R 6 AT AR 2% i

m=1

)i M
yi=zwf/f(za)mixrn+ai)+b-/7 j=]’2’.“"]0 (9)
i=1

o ) B R R R
3.2 Matlab #Z W% TEFH

Matlab /2 — X U BB K A B 800, e R BUE
SR HERETFRL . ATOE . A RGBT ILAFE YRR
AL — DI IEE, RHIPR AR 7oy
HE M

A SCHk [12], 7€ Matlab # ) 5@ if DU A BRI
% BP 245

1) QIEEHT P22 net

net=feedforwardnet(hiddenSizes, trainFcn). (10)
. hiddenSizes Jy— KT T 1 I, 5
BONBE )28, BOEE A & B & 2 M &1 45
trainFen NINGPUERE L, BRIAKH “trainlm” , Im
J2& levenberg-marquadt S IE A4S o Im SEPOBBLE T
e S - Ak AR EEA, BEA B - ARk iy

s, AR R R A R Y, R
AW, RN
2) BUESH
HAr, net.trainParam.epochs iR R EL;
net.trainParam.Ir J}j2f 2] % ;
net.trainParam.goal i HFRiRZ;
net.trainParam.max_fail il & d KA 2 IR B,
kK 6;
net.divideParam.trainRatio A Yl 25 £ A% (5 BAE AR
A, BRIAHR 75%:;
net.divideParam.valRatio A B FEAS 5 BUREACH
SrE, BRIAH 15%;
net.divideParam.testRatio Al A 5 BAFEA H
Gy, BRIAH 15%.
3) Y%k BP M4
[net, TR]=train(net, P, T), (11)
K PRYIFEA B AR ;
T Sy I GRAEAS i A I 5
TR Fic g ZRm a4
4) T
T,=net(T). (12)
K T, IIZE TS5 ;
T, Jyits ST A
33 AR
AR VLT XA BIREA, FE5CT778 [k
1 0G=1,2) FEUSR M. T8y, I 0 MTT414
7 s .

0
! 0, 0, O
% A Oy Oy

B7 XTRASHE
Fig. 7 Joint angle compound method

KM EG A MxI4, idh Q. ¥ 0fX
AR (1) =L (8) , 153 BP #i& M2 A A iy A
T=[p,, p,» ©5]", Q1FHy BP WL EREASI T o
34 HAREF—K

ol 2 1) 238 7 ST T 36 2 o B AR A EA T U —
ARALFR, HE H R SO S A B B 2],
T NN R 22 o IH— AR5 AT fo K/ NP2
ROy etk AWHER iR K E/INE

X = (X~ Xin)/ (Xinax = Ximin) o (13)

X x HH—EHEG x A= — R %G
Xmax WIFHNVR IR IRAEL s X AT B B/ IMEL



55 HoOW, & JETMERHIERY BP MZZSK AT 2R HL TS 35 55
3.5 MXMRITE 25
O (i=1,25 m=1,2, -, N) FoRBONAEH 200
KA, O =1, 2 m=1,2, -+, N)FREBR T, = 1:(5):
b i RO AIT S, m R B PR £ og
AN €= O Ope (14) B o
St e, T 15 1 5 SRR T Fl A 1582 g
)}K—].S-
4 {FEZH iyl
=25

4.1 MMEMKIZEZREMRER

PL2.2 g AL T ], BP 22
26 X HHEA T 30038 Bl 2 oR i 0 BSR4 M=33,
=33, 135] 1089 dAAEA, Mk 22 Ry 5E, 78
Matlab H1)il2% BP #&MLEAUIE, SEREWT

net.trainParam.epochs=2 000;

hiddenSizes=[19 14 8];

net.trainParam.goal=10"",

o 245 [ 25 J22 TS BRARREA tansig PRI, i )2
PR TG PRSI S 2 1 R pureling, LA BN BRIAMEL

Pl 8a 2 VIl 5 BP it 28 0 2% 3ok At v Il 5 4 AR
B AEA, MR A 1 1 05 22, B b BRI 253
2000 5E B 1k, RIS FEA R AR 2k 61521 x 107
rad. &8 b, ¢ B2 Ml FEAS th B0 Y OG5 A
SEBR G AR 25, A] R DG T A TR R 25 BE A
£ —0.002~0.002 rad Z[f1],

10°
— A
o —— Bk
— MR 5
o iR
2 10 Ot
*T:i -—- Hbrigz
b
2 10
107
10710 : : : :
0 400 800 1200 1600 2000
PlIEZE
a) BP #1225 Il kst
20
1.5
o 10
g
L 0s
0
oK 0
E.05
X -10
_1_5_
20 N s ' ' ' s s s
0 20 40 60 8 100 120 140 160 180

2l
b) KA 1 R

20 40 60 8 100 120 140 160 180
2
o) KT 2 iRz
B8 BPMEM&MIIFERMAURER

Fig. 8 Training and testing results of BP neural network

42 IEEHHUIE
itk RUEYI 2R 5E BRI BP e 2, mT LISK
P 2R AU T s s 2, EPLT R TAE=S
[i] H A — B [RUR ads, HU 4.1 1519 43 A S I 25

SERER) BP R MZEIEA T T . BB 0 5 RN
{ p, =60cos f3+290;

p, =60sin f +20- (15)

K # g e [0, 2n], O A PR JE (290, 20), 4
B=0:m/21:2m HATHU S, HdlR G S S5 E— 1A E
G o WIS B S B L SERE P

P=|:pxl “ee pxi}’i=1, 2’

.43, (16)
Py 0 Py

(5~ ()RR T Oi=1, 2),
T BP AR 2% TR -

P
Tti=|: :|al=1a20 (17)

A (17 )0 4 x 43 AR B 17 )RAK(12),
PR TAREE R T =1, 2) IR AR (8) , &S 3H
TR S P9 ST A AR [

100 -
R
* T ;
sob - Link2;
— — —Linkl
0
T
S
5 ‘\\\\?\;&‘51\% S
50+ NS T
AN
AN
AN
-100+
_150 1 1 1 1 1 1
0 50 100 150 200 250 300 350

X/mm
a) T 1



56 (71 N DR AN N S S 14

2019 4F

200
, JLETT
150t Zpse. * PRI,
Yy, * 2 Link2;
Dt k2,
47 — — — Linkl
G, 07

100 X2
=] %« //// ////
E é ///// /"7/
= 5 47 0

. o
| %
/%‘%ﬁ
0
-50 L L 1 1 1 0
0 50 100 150 200 250 300 350
X/mm
b) TR 2
J\; ii_‘, 2
9 FUMHTARR E

Fig. 9 Stick chart for the predicted trajectory
K9 “*" FoRMERIM G E, “-7 &
ARIEEE . IR TAEROLE, SRR SR A
1, ULEH BP 28 [ 2% 1 T s A SK A5 1 - TET 2R Bl
BT A P 2 Y5 Bl

5 H£5iF

AW o3 8 - BT A 9757 S I 2R B
PTFREAT TIU 34T, Hbiis sl i e e o 1
ST R S R Z AL B O AR Y PR AH B i 5
2175 15 P R AN AR DI, HUBRT 80 1008 3 i 5
PRSI EGE NPT, ARSI TR i — M E A R
BB A YPRASCT, RImHA T e —
AL B A A2 B RIS B E T 50 A B3R
7, JFEEINE BP M2 2% rh /R DB A BURAIES:
B, 530K [81AHEL , AMUB/D T B e 25 9K
7 HLA] PSRAS-F- 1 2R HUH T HE 13002 Bl 27 22 i
TANE 3 JZRT R BP ML, —Ra )RR
I BP A2 9 265 T

S 3 :

(1] ®Ex¢HE, B mg, XUBERI, 45 . 6R MLk Az g2k
i8S T EC [J]. DUl CLREREAR)
2015, 47(6): 185-190.

HAN Xingguo, YIN Ming, LIU Xiaogang, et al.
Solution of Inverse Kinematics and Movement Trajectory
Simulation for 6R Robot[J]. Journal of Sichuan
University(Engineering Science Edition), 2015,
47(6): 185-190.

21 & . 75 A AU 85z Sl oK - B
WF5E D] )M TR, 2016.

XU Kou. Inverse Kinematics Solution and Trajectory
Planning of 6-DOF Manipulator[D]. Guangzhou:
Guangdong University of Technology, 2016.

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10

—

[11]

[12]

[13

[

VASILYEV 1T A, LYASHIN A M. Analytical Solution
to Inverse Kinematic Problem for 6-DOF Robot-
Manipulator[J]. Automation and Remote Control,
2010, 71(10): 2195-2199.

LOH B, ROSEN J. Kinematic Analysis of 7 Degrees
of Freedom Upper-Limb Exoskeleton Robot with Tilted
Shoulder Abduction[J]. International Journal of Precision
Engineering and Manufacturing, 2013, 14(1): 69-76.
MOHAMED H A F, YAHYA S, MOGHAVVEMI
M, et al. A New Inverse Kinematics Method for Three
Dimensional Redundant Manipulators[C]// 2009 ICCAS-
SICE. Fukuoka: IEEE, 2009: 1557-1562.

AL-FAIZ M Z. Inverse Kinematics Solution for Robot
Manipulator Based on Neural Network[J]. MASAUM
Journal of Basic and Applied Sciences, 2009, 1(2):
147-154.

TR, BARAE, ROLTE . BT AR ) K R N 4% 1)
MOTOMAN WU F-i2 8l 2430 i [7]. HLBARRA SHA
2004, 23(5): 523-525.
ZHANG Peiyan, LU Tiansheng, SONG Libo. A RBF-
Network-Based Method for Solving Inverse Kinematics
of MOTOMAN Manipulator[J]. Mechanical Science and
Technology, 2004, 23(5): 523-525.

DAYA B, KHAWANDI S, AKOUM M. Applying
Neural Network Architecture for Inverse Kinematics
Problem in Robotics[J]. Journal of Software Engineering
and Applications, 2010, 3(3): 230-239.

DUKA A V. Neural Network Based Inverse Kinematics
Solution for Trajectory Tracking of a Robotic Arm[J].
Procedia Technology, 2014, 12: 20-27.

FEMR, A, B . S A hEIFE
AT (9], BUA% 3, 2015, 39(9): 151-154.

FU Guodong, ZHENG Xiangzhou, HUANG Si.
Kinematics Analysis of a 5-DOF Manipulator[J]. Journal
of Mechanical Transmission, 2015, 39(9): 151-154.
ik SR WOE AU 10 RNN B354k [D]. M
LR, 2017.

ZHANG Yao. Activation Function Awareness of RNN
Algorithm Optimization[D]. Hangzhou: Zhejiang
University, 2017.

Y5 W1 . MATLAB i 8 o 2% s L5 52 DKG A (M. b
I IR AL, 2013: 104-173.

CHEN Ming. Theory and Example of Neural Network
on MATLAB[M]. Beijing: Tsinghua University Press,
2013: 104-173.

gk W, X5t . Levenberg—Marquardt #1258 ] 25 15
R (N INGYNSIE 2SN ST I RPN S
K2R, 2015, 55(4): 424-430.

ZHANG Qiao, DENG Guishi. Investigation on
Application of Levenberg-Marquardt Neural Networks to
Human Reliability Evaluation of Coalmine Workers[J].
Journal of Dalian University of Technology, 2015,
55(4): 424-430.

(TS b 4))



