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Control the Melnikov Chaos of a Bose-Einstein Condensate in
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Abstract: The chaotic character of a Bose-Einstein condensate in titled optical lattices is investigated. A perturba-
tion solution of the Gross-Pitaevskii equation is obtained by using the direct perturbation method. Theoretical analysis
reveals that the perturbation solution is chaotic one because it satisfies the Melnikov chaos criterion, which indicates the
system existing chaotic behavior. The corresponding numerical simulation results confirm the theoretical results. However,
the chaos of the system can be controlled by adjusting the system parameters or changing the initial conditions, which
shows the system parameters or the initial conditions play a very important role in control chaos.

Keywords: Bose-Einstein condensate; titled optical lattices; Melnikov chaos; control chaos

0 Introduction

Since a Bose-Einstein condensate (BEC) was detected
in a weakly interacting gas of alkali-metal atoms held in
magnetic trap" ™, many new and important researches have

been reported. These researches include the study of the
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stationary state properties, such as the size, shape and
stabilities of the condensates””'; the dynamic properties
like the collective excitation and vertex™™; the interesting
time-dependent behaviors, the growth and collapse of the
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condensates! "%, chaos!

trapping!*™"’

, macroscopic quantum self-

!'and the atomic tunneling between the two
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Bose-Einstein condensates (BECs) ***?. Recently, experi-
ments with BECs in a Wannier-Stark(WS) system attracted
much attention™, many important theoretical studies have
been reported. These works included coherent pulse out-
put from BECs in WS system™!, the study of Bloch oscilla-
tions””, Wannier-Stark ladders and collective tunneling
effects”®. However, these theories were based on numeri-
cal calculate method. In this paper, we give a quantitative
analytical method for discussing the chaos and stability of
the BECs in one-dimensional tilted optical lattice potential.
We propose a perturbation solution of Gross-Pitaevskii (GP)
equation by using the direct perturbation technique'* *”,
and the technique has been used successfully in some pub-
lished papers **'. Theoretical analysis results show that the
perturbation solution are unbounded generally. However,
ifand only if a boundedness condition is satisfied, the per-
turbation solutions will maintain bounded. From the analy-
sis of boundedness condition, we find the existence of a
chaotic attractor related to the Melnikov chaos in the equiva-
lent phase space, and the corresponding numerical results
confirm the theoretical analysis results. Fortunately, we can
control the chaos of the BEC system by adjusting the sys-

tem parameters or changing the initial conditions.

1 Chaotic solutions of the BEC system

In the following we consider a trapped BEC at very
lower temperature, the macroscopic wave function y of
the condensate satisfies the self-consistent nonlinear
Schrodinger equation, known as Gross-Pitaevskii equa-

tions® %

0 ,t 2
a2 ) 7 Gy,
ot 2m
where J/ (r) is the trapping potential, and m the par-

(r)+elw (o) v (m0). @

ticle mass. The interaction between particles is described
by a self-interaction term g=4mnh’a/m, where a is the the
atomic scattering length. For the sake of simplicity, we con-
sider only the one-dimensional geometry (i.e., d,= 82=0)
and the trapping potential ¥’ (r) s a titled optical lattice
potential!*>!

V(r)=V(x)=V,cos (kx)+ Fx: )

where V| is the amplitude of optical potential, & the
wave vector of the laser light and F'the inertial force. Due to

this force, a tilted potential is produced that leads the

atoms to accelerate in x direction and make the atoms tun-
nel out of the traps. The Wannier-Stark Hamiltonian has the

form!"

2

H:p—+V0cos(kx)+Fx» 3)
2m

where m is mass of atom, x and p are the canonical
position and momentum coordinates respectively. Note that
in Eq.(3), for any nonzero value of F, the Stark energy Fx
tends to infinity as |x| — e, and the Hamiltonian (3) is

an unbounded operator. However, for a lattice of finite size
—-L< x < L with L being the finite boundary value of x or

[32-33]

choosing the limit 7 — 0 as |x| — o , the operator (3)
is always bounded. In fact, the experimentally used number of
1D lattice sites are about 100 that implies Z ~ 100mk, ' **.
In order to get a simple description and a better under-
standing of the BEC dynamics, we employ the stationary

[4,35]

solutions of Eq.(1) as"

v (r1) =y (o) =u(x)" e @
where g is the chemical potential, u(x) is real and normal-

x)dxzjn(x)dx—

Here n is the number density of the BEC atoms. Simply,

ized to the total number of particles j u’

we consider only the non-trivial phase and set the phase
6(x)=0 in Eq.4. Substituting Egs.(2) and (4) into Eq.(1), we

can obtain the stationary state GP equation

B d2u(x)

0 +|:I70 cos (kx)+ ﬁx]u(x)+gu3 (x)=au(x), (5
where ¥V, =2mV, [n’, F,=2mF,[h* &=2mg/h’
and fi = 2myu /R It is difficult to find the exact analytical

solutions of Eq.(5). However, for the weak optical potential
with 7, << p, the weak linear potential with FI << p1, we
can treat the tilted lattice potential as a perturbation to seek

the approximate solution of Eq.(5). We set

i= 2 ), ©
and substitute Eq.(6) into Eq.(5), the GP equation (5) are
written as

p( ):—,ﬁu( Y+ &’ (x)+&(x) @)
[V cos (fx )+ le]u (x), the function &(x) can
be regarded as the perturbation added to the unperturbed

Here, 8

Duffing equation

iy (x) = po (x) po (x) = —fiuy (x)+ Guy’ (x)> ®)
Applying the Rayleigh perturbation expansion

=3 u, (x), [u,] << |u
i=0

©
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to Egs.(6) and (7), and equating the sum of ith-order terms
to zero, we return to the zeroth-order Eq.(8) and obtain the

ith-order equations

U, (x) =p (x),
Pi(x) = —fu, (x)+3gu,” (x)u, (x)+¢,(x),  (10)
(i=1,2,3,-+-,00)

Where ¢, (x) = [170 cos (kx)+1:“x:| Uy (x)

&, (x)=3gu,"u, (x)+ [170 cos (kx)+ ﬁx] u, (x),

g (x)=---.
The unperturbed equation (8) possess the well-known

homoclinic solution!*

uy (x) =28 " sech &,

Po(x) =1, (x)=—y2ig ' sech & tanh &, (1

where & = \[fix—C, C = \[iix, - Arsech ()
is the integration constant, and x, is the boundary point
position. Combining Eq.(10) with Eq.(11) and using the varia-

[15,17]

tion of constant">'”, we easily construct formally the gen-

eral solutions of Eq.(10) as

u'e, (x)dx— u"x[
¥

u () =u"]

4

u"j u'[VL cos (kx)+ Fx+gv,] (x)] u, (x)dx—

4
u']u”[Vo cos (kx
v

d
whereu” = ug(x) =—fiyJ28"" sech & tanh &,
x

u:uju 2dx=j 2\/5(sech§——§sech§

tanh & —%sinh £ tanh & ] ,

u’e, (x)dx =

)+ Fx+ v (x)]u, (x)dx, (12

A, and A/ are the arbitrary constants depending on the
initial conditions.

The derivatives of solutions u, are given by Eq.(10)
with Eq.(12) as

X

p,(x)=u,(x) :d”Ju,gi (x)dx—zk'j‘

4, 4

u’e, (x)dx. (13)

Generally, the first corrections (12) are unbounded,
because of the unboundedness of #”with position x tend-
ing to infinity. Fortunately, we can easily prove that, using

the 1'Hospital rule, the two solutions in Eq.(12) are bounded,

[15, 22]

if and only if they satisfy the conditions

X

1111 x)dx=0,=1,2,3, (14)

A
Combining Egs. (12) and (14) for i=1 yields the

Melnikov chaos criterion

M(x,)=T.-T= J.u'gl(x)dx:

—oo

—ﬁ\/zgi'isech (\/ﬁx—C)tanh (\/Ex—C)-

[170 cos ( JrFx]u0 ydx=0> (15)
Where x, is the position of the boundary point. Due to Eq.
(15) shows that the Melnikov function has a simple zero,
which indicates the existence of chaos and chaotic region
in parameter space'”. This means that the stable orbits
given by Eq. (9) with Egs. (11) and (13) are to be embedded
in the Melnikov chaotic attractors. Therefor, we call the
solutions (12) obeying the chaos criterion (15) the “chaotic
solutions” " Applying Eqgs.(11) and (12), we can obtain

the particle number density of the BEC system as

n=u’ (x)=|:u0(z)+2ui(x):|2, (16)

and the energy function™’
pef| 2 (d () () + £ () | =
2m\ dx 2

j[%[%] +n(l70 cos(kx)+Fx)

Then the energy density of the BEC atom can be

]dx (17)

written in following form

w(adn Y - 2, &
=— +n{V, cos(kx)+Fx)+<n (18

From Egs.(16) and (18), we see that the particle number
density and the energy density of the system are all chaotic,

because of the chaotic solutions u,(x).

2 Control the Melnikov Chaos of the
BEC System

In above section, we have obtained the chaotic solu-
tion of the BEC system by the analytical method. In order to
explore this analytical insolvable system, we use numerical

method to solve Eq.(5). Fix the system parameters at fi =1,
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§=0.5,k=15"V,=035and F = 0.1, we substitute them
into Eq.5 and numerically plot the phase orbit in the equiva-
lent phase space (u, du/dx) as shown in Fig.1 a). We see
that the phase orbit exhibit the confusion from Fig.1 a),
which is the chaotic feature. This indicates the chaotic be-
havior of the BEC system, which agrees with the theoretical
analytical results. In Figs.1 b), ¢), and d), we plot the spatial
evolution of solution, the spatial distribution of the particle
number density and the energy density of the BEC system,
respectively. From these figures we see that the spatial evo-
lution and the spatial distribution of the particle number
density and the energy density are very complex and
confusion, which shows again the chaotic behavior of the
system, in good agreement with the above theoretical analy-

sis results again.
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Fig. 1 Plot of the chaotic phase orbits and the chaotic
spatial distribution with parameters fi=1, g =0.5,
k=15V,=035and F=0.1.

Now, we choose the controllable parameters ji =2,
¥, =0.035and F =0.000 1, with other parameters being
the same as in Fig.1, and plot the chaotic phase orbits in
the equivalent phase, the spatial evolution of solution,
the spatial distribution of the particle number density and

the energy density of the BEC system respectively as in
Fig.2.
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10 - believe that the technique for control chaos would be use-
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Fig. 2 Plot of the periodic phase orbits and the periodic
spatial distribution with parameters fi=2, g=0.5,
k=15.¥,=0.035and 7 =0.0001.

From Fig.1 and Fig.2 we see that phase orbits, the
spatial evolution and the spatial distribution of the particle
number density and the energy density are all periodic,
which shows the chaos of the system have been controlled,
meaning that the system parameters play a very important

role in control chaos.

3 Conclusion

In this paper we have treated the chaos and the con-
trol chaos of a Bose-Einstein condensate in tilted optical
lattices both analytically and numerically. We have con-
structed the chaotic solutions of the BEC system by using
the direct perturbation method, which contain unstable pe-
riodic solutions and stable solutions embedded in the
Melnikov chaotic attractors. Theoretical analysis and nu-
merical calculation revealed that the chaos of the system
depended on the system parameters or initial conditions,
because of the phase orbits, the particle number density
and the energy distribution of the system all displayed the
sensitivity for these parameters and conditions. Therefor,
we can experimentally control the chaos by adjusting the

system parameters or changing the initial conditions. We

ful in other physical system.
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