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The Solvability Conditions with Hermite Part Positive Semidefinite and Hermite Positive
Semidefinite Solutions of the Matrix Equation (4°XA4, B°XB)=(C, D)
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Abstract: The complex matrix solutions with Hermite part positive semidefinite and Hermite positive semidefinite for the

matrix equation (4°XA, B°XB)=(C, D) is investigated. The necessary and sufficient conditions for the solvability of such

solutions are derived by using the generalized singular value decomposition. The forms of general solution are also given out.
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1 Introduction

Let C"*"denote the set of all m*n complex matrices>
UC""the set of all unitary matrices in C"”", HC"" the set
of all Hermite matrices in C"", HC, "the set of all Hermite
positive semidefinite matrices in C"""» C; "the set of all
n X n complex matrices with Hermite part positive

semidefinite, i.e., €, {4 C™

A+4"e HC*} , and
W =ide ™ &(A)<1}> where 0(A) denotes the set
of singular values of matrix 4. One element in this set is
usually called a contraction. The symbols A", 4", A" will stand
for the transpose. the Moore-Penrose inverse, conjugate
transpose, respectively, of 4 ¢ . A; denotes the

square root of a Hermite positive semidefinite matrix
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A- A > {()means that 4 is a complex matrix with Hermite part
positive semidefinite-

Dai Hua and Peter Lancaster!"’ considered the linear
matrix equation 4"XA=C and (4'XA, XA-YAD)=(D, 0),
which is motivated and illustrated with an inverse problem of
vibration theory. Solvability conditions for symmetric positive
semidefinite solution and general solution were obtained by
using the singular value decomposition. Liao Anping’
considered more general matrix equation (4"XA4, B'XB)=
(C, D) and gave a necessary and sufficient condition for the
existence of symmetric positive semidefinite solution»as
well as an expression for the general solution,using the
generalized singular value decomposition- These linear
matrix equations have been studied by many authors see
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references [3,4] and their references.
In this paper, we consider complex positive semi-
definite solution of the following matrix equation

A'X4=C,

{B‘: XB=D, M

where A€C"™", BEC"”, CeC”™, DEC ™. In section
2, we consider the solution with positive semidefinite Hermite
part. The necessary and sufficient conditions having such
solution are derived, and four expressions for the general
solution are given using the generalized singular value
decomposition. In particular, when B=0 and D=0, these
results mean that we have given the general forms of the
solution with positive semidefinite Hermite part for the equation
A"XA=C. In Section 3, we investigate the solution of Hermite
positive semidefinite for matrix equation (1). The equivalent
conditions for the solvability and expressions for the general

solution are given-

2 The solution with Hermite part
positive semidefinite for the matrix

equation( A XA, B°XB)=(C,D)

The following lemma can be found in reference[5, lemma
3.5.12])
Lemmal LetLEHC"", M<HC'

X

"and XEC""

L X {wrtr e mta)
be given. Then X M e is Hermite positive

semidefinited, if and only if L and M are Hermite positive

semidefinited, and there is a contraction g <= ", such
|

|
that ¥ — rrepfz

Lemma2 Let A, € C" havethe form

‘4II AJJ X13
A, =| A, A, A,
Xy A, A,

where 4, €C”", A,, €C°"%, all 4 are given and X,
X, are arbitrary. Then 4, = 0ifand only if

i 4, A >0, 4, Ay >q,
4, A 4, Ay,
) X= BlzB;:st +[B, - B,B..B, ]%W[B_u -

B;T,B:_:-B:;]‘ _X; s

where for 1<i,j<3,(i, /)7 (i, 3), B;= A, + A;’ e o

and X, are arbitrary-
Proof ="

All All >0 A22 A’E.} >q{.
All AGS o A}Z A’;‘j -

If A, 20, then it is clear that

Put

Lo lA+A A+ A
Then we have that 4+ 4" =| "' 771 72 o2,
A, +4, A,+4.

A’E.’! +£2

. | AL+ AL
B+B”:[" = X
'433 + '433

: are Hermite positive
A'\‘2+A;F

semidefinite-
It follows from Lemma 1 in reference [7]» that
A,+ A*21 =4, +A*21)(A22 +A*22)+(A22 +A*22)’
Ay + Ag;z: (A, + A*zz)(Azz + A*22)+(A23 + AZz)‘

Put
Bll B]Z B]3
AX_,- +A;f_, =B, B, B,|
B B B.

L) 33

where B, = A, + A}, » 1<i> j<3> and 4,;= X,;» A,=X,,.

0o I, 0
Set #= Iyxs B;EBQI _B;:B'_rj,
0 0 [—r—s pxl —r—s)

Then P is a nonsingular matrix in C"""and

pld, +A )p=

[ B,, 0 0

0 &, _BIEBEIE‘BIZ B _Blﬂ_-BzIzB:: =
0 Bb _3;332_2312 Baa _3233;2323

0

0 B

Since A, is a complex positive semidefinite matrix, we have
that P'{4, + A, )P isaHermite positive semidefinite- So
B is a Hermite positive semidefinite- Thus, by Lemma 1,
there exists a contraction @€ C" "™, such that
B.,-8B, 3;1 B, =(B, - B, B:; B }%W(Bn - B; BBy, )_I ’
It follows that X, has the desired general form- So ii)
holds-
“<”  Ifi) and ii) hold> it is evident that
B,>0, B,-B.B,B,>0, B33—B;3Bzsz3z 0,
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and B,, = BlzB+22Bzz , By= Bzngszs‘

B’;‘?

0
So P{Ay, +4,)P { 0 B] ¢ where Pand B are s

above-

Moreover» it follows from ii) and lemma 1 that B > 0.

B, 0
Thus o f_;z().ThatisAX:+A;}HE(JarldAJ\.‘ZU.

The following result is from the Lemma 2 in reference [6]-
Lemma3 Let LEHC"", MEHC'™ , Xe€C""be

C{m+n:|><{m+rr] A A L.
< is Hermite positive

L X
given- Then X M

semedefinite»if and only if L is Hermite positive semedefinite
and there exists K€ C" " such that X=LK, and M-K LK is
Hermite positive semidefinite-

Lemma4 Letd,, €C

Xn

have the form

PR T
e AEI X\

where 4,,€C"", A,, €C""""are given and X€C""" ",
Y€ C""™ can be arbitrary matrices. Then the following state-
ments are equivalent:

i) Ayy>0s

ii) 4,>0. and there are K€ C""™, ¥, € """
such that

1. .

X= EK (A, +ANK+Y,,

V=(4,+ A;:])K_A;_:l :
In this case A4, has the following general form

4 _ An (A||+A|<:|]K_A;|

XY

[l

1 w w
AH EK (A]I +A||)K+IEJ

Where Ke C"" | ¥, € C""""" are arbitrary;
iii) A,,> 0 and X > 0. there is a contraction
w e W """ such that

1 1
Y=(4,+4 e X+X")G -4
In this case, A4, , has the general form
1 1
A, =M (A a Po(XeX)
A, X
where Xe€C""""™, we W7 are arbitrary -
Proof Notethat 4, ,c C" & A, + A, , € HC;™,
Pen [Mr A AT pona
A, +¥Y  X+X

_A:’

“Iy=ii)” 1Itis follow from 4,, € HC; ™ that A, ,+
A"y, € HC,'"". By Lemma 3. we obtain 4,,+4 €HC, "+
and there exists K such that 45 + ¥ =(A, + 4K ie>
Y=(4,+4" )K-4",, andX+X-K(d,+4" )K€
HC, ™.

1. ‘
Put ¥, :X—EK (A4, +ADK, wehave ¥, + Y=X+ X~
K'(A4,+A")K<eHC"" """, So ¥, €C{""""", and
1 .
X =K (A + 4))K +Y,

“ii)=i)" It is evident by applying Lemma 3 to the
Hermite matrix 4 X’Y+A*X’Y .

: e i) " Itis not difficult by applying Lemma 1
to the Hermite matrix A, ,+ 4, -

Assume that 4, B in equation (1) have the generalized

singular value decompositions (GSVD):
A=MY U, B=MY V' 2)
where M is m>m nonsingular matrix, Ue UC"™", V € UC"™",

_I_,; ¥
2 _ S, s
4 o, lk-r-y
00 0| m—t
r s nrs
_OB 1 »
E _ 5, 5 )
? I, [k—r—vs
K 0 0| m-k
prk s ks

k=rank(A, B) > r=k-rankB
s=rankA+rankB-k; I ,and I, are unitmatrices; O, O,are zero
matrices; S =diag( @, @, &), S,=diag(B,, B,,", By),
Ya,>0,¥f8 >0.

Then equation (1) is equivalent to the system of

equations
S mexmy  =Uc;
S M XMY =V DV, )

We introduce the following notations and consider the

following equations:

uv=U, U, U, -
ros nr-s

X, X, X Xy F

V=W, v, V)

prk s k-rs

MCXM Xz] X 22 X 23 Xm § 4
) o Xsl st X33 X_m k—r—s ’ @
Xy Xy X, Xy m—k

k-r-s m—k

=N
5
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¢ G, ¥
r'cv=\C, C, C, s
Cn C:r'_- C.!.! R—F—3

r S n-r—s
( where C;,;U;CU_,)- )
DJJ ng DJ; p+r—k
Vipy = D, D, D, s ,

D, D, Dy \k—r—ys

prk s kr-s
( where D= VIDV] ). (6)
[ vicv, Ucu,s) X,
H=|S}UicU, S;V.DV,§;' S;V/DV,|=
X,  VDvs VDY,
[ H] 1 HI = X| 3
HZI HZZ HZS ) (7)
| Xy Hy Hy

The following theorem is a main result in this paper-

Theorem 1 Let the generatized singular value decom-
Then
equation (1) has a complex positive semidefinite solution if

positions of the matrices A and B be equation (2)-

and only if
CU~0, U;C=0, DV,=0, V,'"D=0, ®)
S\ U, CU,S,'=S,'V,DV,S;' ©)
and
[, U7, v,1z0, V. V.1 DV,V.]120 (10)
When equation (1) has Hermite part positive
semidefinite solution, the general expression of such solu-
tion is the following
X 12

a1y -1
X—(J’f ) M ) (11)

X, X,

where H > 0, and X,m c P, )—(u c P
X, =X 4 € ¢ttt such that X > 0-
Proof Since equation (1) and (3) are equivalent, so

substituting equation (4),(5) and (6)into (3),then we have

[ X, X.85, o] [c, ¢, C,]

SA X2 1 SA XAE, SA 0 = (’121 C"EE (’123

| 0 0 o] ¢, ¢, C,]

[0 0 o | [p, D, D] (12)
0 $,X,8, 8, X,|=D, D, D,

_O X.‘JSK Xss | D31 D32 D.u_

“=" If equation (1) has a solution X € C," ", then

M'XM € C,"” " satisfies equation (12). Hence
C,=0, C,=0, C;=0,C;,;=0, C,=0>
D,=0, D,=0.D,=0,D,=0,D,,=0>
S,'C.S,'=8,'D,.S;"
that is
CU,=0, U,C=0, VD=0, DV,=0,
8,'C,S,'=S,'D,,S,"-
So equation (8) and (9) are hold.
Next, noting equation (4),(12) and CU=U*I.CU_V
D=V DV, we have:

v'cy, NN IR X, X,
VXM = SIULCU, SVIDV.SY S;VIDY, X |
XSI V;DVES: ]V‘:DV‘ X34
X-11 Xu X-IS X'I-I
H X,
lill '\_/22 ] (13)

By M'XM > 0 and Lemma 4, we have H > 0. On the other
hand. it follows from Lemma 2 that

H, H,|_  [H, H,
S Y el )
HEl H22 . HZ‘G HZ‘G .

that is
ro U.U,] ClU,.U,] 0 1s0
0 S_;] =2 =Y 0 S;I =t
-1 -1
Sp 0 v,.V,] D[V,.V,] Sy 0 20,
0 I R RV |

ie.,

[U,.U.] C[t,..]z0, [v,.1;] B[V, V] 20 -
So equation (10) holds-
“<" If equation (8), (9) and (10) hold, then by
equation (4) and (12), the equation (1) in C;""" has a

. e HOX
solution X ={M™) M
X!I X’;‘?

where H>0 as
equation (7), X, e i X, eC" ¥ and
X, =X, e "ty such that X =0

Remark If C € C;™", D € C!'”, then equation (1)
has a solution X € C”" if and only if equation (8), (9) holds-

Now we give four kinds of expression of Hermite part
positive semidefinite solutions for equation (1)-

Theorem 2 When equation (1) has a complex positive
semidefinite solution, the general Hermite part positive

semidefinite solution have the following different expressions-
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H (H+HHYE-X',

) X=(M") M

— | .
X, K (H+H)K+Y,
where H =H({X; X, ) asinequation (7), in which

X,, €C*"" is arbitrary-
X,=8,8,8B,.+(8, —BDBDBB)LOJ{BSS -
B';.:'_‘«B.’_.’Bﬂ‘.'_lﬁ -X;. B.;s =H,+ H,,
X, eCi, Ke ¢ and ¥, € C"V7"Y are

arbitrary-

H X

%K“(H+H“}K+Yu

pyX=(M7Y M7

K(H+H)Y-X/,

where H , X%l’ )(13 are as a). )_(r‘ e, Ke Podaial
and ¥, € C""""™ are arbitrary-
! |

ox=yy| H HHHTOX T X=X

‘X,Zl X?Z

where H» X, and X\;are as above, x, ¢ ¢ >

e X — ) —_— . N .
we WP, X e ¢l are arbitrary -

H X | |
_ — 1 ! _ M-,
(XZZ +X:,_:,_)EO)(.H+H8 )2 - X;l XZZ

d)X=(M"y

where H» X;, and X, are as a)- )_(w e O i),

-y X [ . . .
we WY e C,"*vt are arbitrary:-

Proof By Lemma 2 and Lemma 4,these expressions
are evident- So we omit the proof -

Remark

1) In H=H(X,,, X,,) letting X,,€ C""*"™ be arbitrary
and Xs = 33232|sz|+ (333_823 322 Bzg :Fm (Bu_ Blz BJIEBI‘Q )%_
X\, » where B,=H +H > we also obtain the expression a),
b), ¢), d) as theorem 2-

2) When B=0and D=0, theorem 2 means that we
have given four kinds of general forms of Hermite part posi-
tive semidefinite solutions for the equation 4' X4 = C.

3 The Hermite positive semidefinite
solution of the matrix equation
(A'XA,B"XB)=(C,D)

This part is the particular situation of the second part.

We obtain an equivalent condition and expressions of the
Hermite positive semidefinite solution of the matrix equation
{(A°XA, B°XB)=(C, D).

The following Lemma 5 and Lemma 6 are from Lemma 2
and Lemma 4-

Lemma5 Let

A, A, X,
4, = A;z 4, 4,|sHC™
X, A, A

21 11

where 4,,€ C”"» A,,€ C™all A, are given and X, can be

arbitrary- Then A, € HC" ifand only if

i) Alj A >0, A“ A >0
Al.l A’:Z . AE'i A?\?\

) X,=A,4,4, +[4, -
Alezlelhz]%m[Ass - Az‘sAzlezs]%-

where @ € W "™ is arbitrary-

Lemma 6 Letd,, €C"™" have the following form

4 A4, Y
=y y |

where A4,, €C”" is given and XeC""* "™, YeC *"" can
be arbitrary matrices. Then following statements are
equivalent:
i) A4, €HC}" "3
ii) 4, € HC] " and there are K€ C""™", Y, €
HC,"""" such that X=K'A, K + Y¥,» Y=A, K-
In this case A, has the following general form
A ) :[ A]] AHK ]
K4, KAK+Y, [
where K€ C™"™", Y, € HC!™"""" are arbitrary;
iii) 4, €HC;”", X €HC™" "™ and there is a con-
|

|
ion w € W™ P
traction /4 such that y — 42X

In this case 4, , has the general form

XY T 1 1 ,

Xim' A2 X

where X €eHC™"""™" , @ € W "7 are arbitrary -

The following results are from Theorem 1 and Theorem
2. So we also omit the proof-

Theorem 3 Let the generatized singular value decom-
positions of the matrices Aand Bbe equation (2). Then equa-
tion (1) has a Hermite positive semidefinite solution if and
only if
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CU=0, U,/ C=0, DV,=0, V,'D=0; (14) D
Lprs I_¢lp* -1 _ H HoX?2
{fﬂﬂﬂl%%D%% (15) b X=(y| | o P
and CEHC; "D €HC}) " - (16) X.fzwst )—(22

When equation (1) has Hermite positive semidefinite
solution» the general expressions of such solution are the

where H and X, are as

e
above, w e Wrrmh,

Xne HC:EM kam &) are arbitrary-
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aLX:(M'Y[

where H = H(X,;) as (18),
X, = Huﬂzzﬂzs +(H, -

leH:-I:Hr: )%w(HSS - H;3H33H:3)%.~

X : (FTHE% . BR4E)
Ke ¢ and ¥, € HC"™® "™ are arbitrary-
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